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The periodic solutions of quasilinear systems are usually represented as
infinite series with integer powers of a small parameter [ 1,2 1. The pre-
sent work also deals with solutions in series, but the powers of the
parameter are fractional.

1. Let us consider a quasilinear oscillating system of the form

2 .
e N ) (1.1)

The function f(x, x, pu) is assumed to be analytic in all of its argu-
ments in some region., The parameter yu is assumed to be small.

Since the system is autonomous, the solution of the generating equa-
tion (with g = 0) will be

zo (£) = Ay cos kt

We assume that the initial conditions for the system (1.1) are given

in the form
z (0) = Ao + B, z(0) =0 (1.2)

where 3 is a function of p that vanishes when pu = 0.

Let us assume that the region of analiticity of the function f(x,z,p)
contains the generating solution zg(t). On the basis of known theorems
[31, the solution (¢, B, p) of Equation (1.1) will be analytic in ¢,
and for small enough values of the parameter i, also in g and B. Let us
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express this solution in the form

9

c I
n(t) ,B?'+~-' “IL

QD

aC, 1), 1
a4

z (¢, B, W) = (Ao+P) cos ket Z [Cn &+ . B T oA

n==1

We next introduce the notation

- .t (&
P =0T @™t ),

where Hi(t) = f(x,, io, 0). The formulas for the next three gquantities
H (t) are given in[2].

It is not difficult to see that the coefficients C,(t) are determined

by the equation
t

1 SHn (t1) sin k (¢ — 1) dh (1.4)

Cn (t) = T

The oscillation period of an autonomous system depends on the para-
meter y and can be expressed in the form T = T, + a, where T; = 27/k,
and a is some function of u which vanishes when u = 0.

The condition for periodicity of the functiom z(t, 3, p), and of its
first derivative with respect to t can be written as

z (To+ o, B,y = A¢ + B, 2 (To+ a,B,p) =0 {1.5)

The second one of these equations can be considered as an equation
that determines a as an implicit function of 8 and p. Since

z (To, 0, 0) = — k%40
there exists a single-valued analytiec function a(B, p) if A, # 0.
Bearing in mind that all partial derivatives of a with respect to 3

vanish when g = 0, we can express the function a(83, u) in the form
o0

. / AN, , BN, )
N rpg B2 TR T AL 1.6)
@ @:p) ZlkN“Jr oy P A : (
Ne==
The calculation yields
) [ . j . e
Ny =i Ci(To), No= o [Co(Ty) - N1C1 (T
1 i (To), N2 L [C2(T0o) 1C1 (To)]
N3 = .1 . {Ca (To) -+ NoCy (To) + Nile (T} + .n
A,

e {cl (o) Liecy (@) }} W

=
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Substituting the value of ¢ from (1.6) into the first equation of
(1.5), we obtain

8

M )
g ’ pr=10 (1.8)

/ ‘ !
! (Aj o 234

#
i
i

The quantities Mn are given by the equations
My= Cy (To), Ms= Cs(To)- %1‘16‘1 (To)

My = C3 {To) + N2C1 (T} — — N:13Cy {T) (1.9

7

My = Cys (To) + NsCl ( E2AN o® —

2

<

.. 1 { i
— N1 [Nz(h (Ts) + ey N12Cy (To) - —5 N10y (To)] ete.

2. Equations (1.8) determine an implicit function 8 = 8(u). Dividing
out g, and taking into account that 3(0) = 0, we obtain

My = Cy (To) = 0 2.1)

Let us suppose that CI(TQ) is not identically zero. Then Equation
{2.1) will be the equation for the amplitudes A of the generating solu-
tion.

If C}(Tb) = 0, then all the derivatives of C&(Tb) with respect to 44
will also be equal to zero. The equation for the amplitudes would then
be given by M2 = 0 under the condition that ¥, be not identically zero,
and so on.

Let us write out (1.8} in its expanded form by grouping its terms as
homogeneous polynomials in 8 and p:

8 UoC, .. M, y
(D(ﬁvu) —g—mﬁ—:—M-, i Ef—a'—imrl i FA ﬁ}l 41—3;1.

b L T gy 1 M g '8"*3-=-uls~.. - 2.2

Fyaap BT g PR T g, A Mad (2.2)

When g = 0, we have
001 o1 e, 1 %Cy py
OE0) = 2B+ e B e T
According to a theorem of Welerstrass on implicit functions [3,4 1,
the number of roots of Equation (2.2), i.e. the number of implicit func-
tions B(u) determined by this equation, is equal to the lowest exponent
of the expamsion of © (3, 0) in powers of 5.

Hence, in the given case, the mentioned number of roots S(u) is equal
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to the multiplicity of the root of the amplitudal equation (2.1).

Suppose that the multiplicity of the considered root Ao is m. Then,
under the assumptions made, all the m roots of Equation (2.2) can be ex-
panded into convergent series of the form

[ee]

B= D, " (2.3)

=

where k can be equal to any integer from 1 to m inclusive. Hereby, there
may exist simultaneously an expansion S(p) in terms of fractional powers
of the parameter p, but the sum of the various k cannot exceed the
number m.

Let us consider some of the more simple cases.

1. The quantity AO is a simple root of Equation (2.1). In this case,
as is known, there exists a unique expansion of the form (2.3) when k=1,

Let us introduce the notation

13"Cy LM,
— —1
Pn(141):’l! 6/110” ln’}'(n_l)! 6An 1 n % n~{—-1
1 9"P, (A SR (2-4)
Qn () = 3 o A" Tyl g 2 P

The coefficients An are determined by means of an infinite system of
linear equations

ac] 8(,'1
Pl(Al):ﬁAl—f-Mz:O, ﬁA-z%*Pz:
ac _
8/11(/13_'_6/1 A4 P3=20 (2.())
0Cy aP, 1t 92C, dPy
3A Ay +- 84, Az - 9 0A2A2 -+ 84, Ay + Pg=0 etc.

2. The quantity Ay is a double root of Equation (2.1). Then

@i 8201 ’
54, = O 94g 70

Equation (2.2) has two roots 8 = B(u) in this case. The sum of the
denominators of the exponents of pu in the various types of expansions in
each of the cases considered cannot exceed 2. Hence, we can have two

types of expansions: either in integer powers of g or in powers of pl/z.

2.1. If M, # 0, then the expansion of 8 will have the form (2.3) with:
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k= 2. Let us introduce the notation

1 8"01 1 ()71_2 ﬂ/[g

' - e - n—9 3
Snlyn) = ai gam A e g AT (2.6)

We now obtain the following equations for the determination of the co-
efficients An/zz

1 920, 08,
Y (Al,’g) =9 _4>>2 1/0 4 M= 0, 3 41/:,141 4+ 8§3=0
88, 1 28, 98s
5A,, Y T aa M A At S0
98, 925, 085 ) 1 0%, 38,
Ay s A g | Ay AL Ay S5=0  ete.
4, (aAmz 154, ) e T T Ay T aA, 5

If the roots of the first one of these equations are real, then we
have two expansions for 3, whereby the remaining coefficients An/2 Bre
determined successively by means of an infinite system of linear equa-
tions.

2.2. If M, = 0, then A1/2 = 0, and the coefficient 4, is determined
by means of a quadratic equation

1 9%C
P2 (A1) = 5 g A %04 Ai+ Ms=0 (2.7)

For the further analysis we transform Equation (2.2) with the aid of
the substitution

f=(+ A)p (2.8)

Taking into account (2.7), we obtain, after division by pz, the
following equation:

P, 1 02C 1 92P
A \'+P3MT ZaAlzlY_f'aA YH+P4H + ZaAzY +6A YU 24 Py H3+ (2.9)

a) The roots of Equation (2.7) are simple. In this case we have the
expansion (2.3) with k = 1. The coefficients A, are found from the
system of equations (2.5).

b) The roots of Equation (2.7) are multiple roots, but P3 # 0. We now
have an expansion of the type (2.3) with & = 2. The equations for the
determination of the coefficients An/2 take the form

1 0°C,
26A2A3/’ + P3=20
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6201 3P3
(e A2 1, ) g =0
!}ZCI . 1 82P3 -
g A eyt Ty Ay 2 Qe 0 etc..

c¢) The roots of Equation (2.7) are multiple roots, and P3 = 0. Then
4312 = 0, and the coefficient 4, is determined by means of the quadratic
equation

1 . Uiy
Qo (Ae) =5 57542" - i Ae+ Pa==0 (2.10)

The following analysis is connected with the multiplicity of the roots
of Equation (2.10), and is entirely analogous to the preceding one, If
the roots are simple, then one has the expansion (2.3) with k= 1. If the
roots are multiple roots, but Q; # 0, then we obtain expansion (2.3) with
k= 2. In case of multiple roots with Q, = 0, the analysis can be re-
duced to the consideration of the roots of a quadratic equation for A4,,
and so on.

The formulas are considerably simpler if some of the terms in Equa-
tion (2.2) happen to be zero. For example, if Ma =0, and 6M2 /8.40 = 0,
Equation (2.7) has a double root A1 = 0, and so on,

3. The quantity Ay 1s a triple root of Equation (2.1)

90 0 P,
A, T aA2 EEE

In this case, Equation (2.2) has three roots 8 = S(u). It is possible
to have three expansions for 3 in powers of u, p 1/2 | and y1/3. Taking
into account the fact that the sum of the denominators in the exponents
of i cannot exceed three in each case, one can show that there can exist
simultaneously expansions in powers of p and of F1/2.

.1, If H2 # 0, then the expansion for 8 will have the form (2.3)

3.1
with k= 3.

Let us introduce the notation

an Cl n | 011—'3 Mz ]

Uy (‘4.1;‘3) : m*c’)AO" Ay 4 (n — 3”)'! 84,73 1/3

(2.11)

For the determination of the coefficients Am,2 we have the following
egquations

Iy 3 o
Vs Uy =75 g " M2 0
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8U3 .
5A A”/3 ' L; == {
dUsg 1 02U3 a4 .
o Ayt s g Ay g Ay - U == 0
04y .y T2 0A, 2 T2/ T oAy g2
/ : 3 R B al;
oUs . 9l 1 93U 9 PUy : Ayn - Ug=10 ete.

4, T T g At T g Ar gt
Ty, hars ™ 94, BT F oA G Aers T T 04 E A TIA

Since the first of these eguations determines only one real value of
Al 3. and since the equations for the remaining coefficients are all
linear, there exists only one expansion for 8 with real coefficients.
This will always be the case in the sequel when one of the coefficients
is determined from a binomial cubic equation.

3.2. Let My = 0, but d My /J Ay # 0. We shall look for an expansion of
3 of the type (2.3) with k = 2, We obtain a system of equations for the
coefficients Au]2

1 8%, oM, 085
Sa (Am)*(e aag i’ +m>“’1/2:°’ 54, .

353 i 353
aAl/ /°+26A Al +aA Al+55=0 ete.

A1 + S4 =
172

The first equation has two distinct roots and one zero root. To the
first two roots there corresponds an expansion of B of the form (2.3)
with 2 = 2. To the root Al/2 = 0 there corresponds an expansion of the
type (2.3) with k = 1, while the coefficients An are determined by the
system of equations (2.5).

3.3. Let My =0, JM,/d4, =0, but H; # 0. In this case the expansion
of 8 will have the torm (2. 3) with b = 3 but it will start with the
term containing p 2/3, The equations for the coefficients 4,3 are

1 08 01 o8 CI 6 M‘Z
60A3A”/3+M3"“0 (8A3A1 aAz)A =0
1 88%C, dP; 1 301
(? 0A4g° A2/3A4!3+§A En 248A0 A2/3 >A2/,3:0 etc.

3.4. Let M, = 0, 6M2/¢9 Ag= 0, and ¥; = 0. In this case the coeffi-
cient 44 is determined by the cubic equation
1 3%C, 1 M M.
Py (A1) = 5 5qs A+ 5 G4 At 40 AL+ Ma=0 (2.12)

Let us transform Equation (2.2) with the aid of the substitution
(2.8). After division by p3, we obtain
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oP; 1 &P, _ aP,
od; T Pt g g, e Pt (2 13)
, 1 93P 51 1 02P, apP
E oAty G T T g, TR PenF L =0

If the roots of (2.12) are simple, then the expansion for ﬁ will have

the form (2.3) with kB = 1. The equations for the remaining coefficients

will be
aP apP
7~3A2+P4:O, 6A3A3+ Qs=20 ete.

Depending upon the number of real roots of Equation (2.12), there will
exist in the given case either one or three expansions for 3 with real

coefficients.
3.5. a) Suppose that among the roots of Equation (2,12) there is a
double root
Pz
A, =0 Pags0

For this root the expansion of 3 will have the form (2.3) with &
The equations for the determination of the coefficients An/z will be

1 2Py  92Pg P, 1 8C,
)aAzA3/2+‘P4_0 (d—;fl_z A2+5A1+E5A—05A P Ay =0 ete.

If the first one of these equations has a real root, then there will
exist three expansions for 3 of the type (2.3); one with k = 1, and two

with &k = 2,
0, then the coefficient 4, is deter-

b) If in the preceding case P4 =

mined by the quadratic equation

1 62P,
Q3(A2)_26A2A2 +(9A A2+Pf——0 (2.14)

The form of the expansion of 3 will depend on the multiplicity of the
roots of this equation. The analysis of the various possible cases is
analogous to the analysis for the case 2.

3.6. a) Suppose, finally, that the roots of Equation (2.12) are triple

roots,
0P, 02 P,
d:—*Al = 5;412 — P4 :,—L‘ 0

The expansion for 8 will have the form (2.3) with k = 3. The equations

for the coefficients An/3 will be



Periodic solutions of guasilinear autonomous systems 1441

i 8%,
F os Ay Pa=0
1 0%Cy dP,
<§5H@AM¥%M+“EE>Aﬂ#zO
L P, aP, 1 8P,

T G (A0 Az -+ Ay 24, )+ YN A+ 5 A2 Ay ;2=0 ete.

b) If in the preceding case P, = 0, but P/ Ay # 0, then there will
exist an expansion for 8 of the type (2.3) with k = 2. The equation for
the coefficient A3/2 will be

71 B0y . arP,
T oA et 5?42) Agpy =0

For the nonzero real roots of this equation we have the following re-
lations:

1 93¢, P, 1 3%Py
(—2" 5Ag At "aAl) Azt 5 g0 As12?+Ps=0 ete.

For the zero root A3 s = 0, we obtain an expansion of the form (2.3}
with & = 1., The equations for the coefficients A, will be
ap, 2Py _
5“;,};142—}—1’5:0, 'B—A—1A3+ Qs =0

aP; 30,
6}1;444—:« é}iéﬁg -+ @Gs = 0 etc.

¢) Let the roots be triple roots. P, = 0, dP,/d4; = 0, but P, # 0,
Then we have an expansion for 8 of the form (2.3) with k = 3. Hereby
A4/3 = (0, The remaining equations for the coefficients An/3 will be

1 99, L 3C, P,

 dag Asps™t Ps =0, Ay

G e 555?) Ag’= 0 ete.

d) We have triple roots, P4 =0, 8P4/8 Ay = 0, and P5 = 0, In this
case the coefficient 42 is determined by means of the cubic equation

{ &3P, 1 92p, P
Quid) =7 g3 A8+ 7y A+ 54 A+ Pa=0 (2.15)

The further analysis is connected with the multiplicity of the roots
of this equation, and is entirely analogous to the preceding discussion,

The cases when the guantity Ag is a multiple root of Equation {2.1)
with a multiplicity higher than three, will not be considered in this
work.

From what has been said it follows that the multiplicity of a root of
the amplitudal equation (2.1) corresponds to the phenomenon of
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bifurcation of the generating solution. This bifurcation will not exist
if only one root ,8= B(p) is real, or if all the roots are equal. In the
latter case, the expansion SB(g) will have the form (2.3) with k = 1,

3. It is easily seen that the form of the expansion of the period of
the solution of Equation (1.1), and also of the solution itself, corre-
sponds to the form of the expansion of S(u).

Let us first consider the case when the expansion for ,8 has the form
(2.3) with B = 2. Then

oc

a=To D\ hy 0" (3.1)

n=1

For the coefficients hn/2 we have the formulas

1 1 Ny
hy, e =0, hlzﬂNh h3/2=770570 1792
1 /1 3*Ny 0N .
ho = T <_2. T A2t 34, A+ N2> etc. (3.2)

For the construction of the periodic solution of Equation (1.1) with
a constant period we make the following change of variables:

T
t= g (Lt Bty ™2 o hap? )
Then we obtain the solution in the form of a series in powers of pl/z
@ (v) = 2o (¥) + p'% ) (v) + py (8) + p3/ 2y (1) - - (3.3)

whose coefficients have the constant period 27. These coefficients are
given by the formulas

Zo (7) = Agcos T, %379 )= A1/2 cosT, z1(t)= Ajcost 4 Cyi(v) —mAgrsint (3.4)
0Cy (7) .
Ty /0 (v)= As/z cos T -~ A1/2 % — (h3/,2A0 e hlAl/z) Tsin T
Ci(v) | | 02Cq (1) 0Cy ()
23 (1) = Ascost -+ Ca (7) + A1 54, —Y—?AI/JW“{“*‘ T —

1
— (hado + hy ,2A1/2 + h1A;) Tsin T — P h2Agt2cost  ete.

In these formulas it is first assumed that C,(r /k) = C*,(r), but the
asterisk is then dropped. For the case when the expansion of S(u) has
the form (2.3), with & = 3, we obtain

1

by =0, hyy =0,  h=mp- N
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1 0N, 1(39_2\/1 9N ) a5
h4/3:-fo—mAl/3, h5/3=T—0 5 8A02 Al/s‘z_i— 34, A2/3 {3.9)
1 /18N Ny Ny
=5 (52 Aus'+ 3ag Auatuis + G ok ) ete:

In this case the expansion of the solution takes the following form
after a change of variables:

z (1) = o (1) + p'%; 15 (V) + 1%, 5(0) + par () + .. (3.6)
The first few coefficients of this expansion are given by
20 (T) = Ap cos T, x4 (T) = A, 50087, Ty/3 (1) = A,y 5008 T

21 (1) = A1 cos T+ C1 () — hade Tsin v

dCy (7) .
T3 (1) = Ayg0087T 4+ A1/3_612(0__ — (h4/3Ao + A, g) tsin T

aCi(r) 1 92C, (1)
gy (V) = A5y €08 T+ Ay s 53—+ 5 Ay ) 5
— (hy /340 -+ by sdy)s + hid, g) Tsin T

dC1 (t 0%Cy (7 9C; (T
aez('r)=Azcos1:—{—Cz(t)—I—A1~5:%2—{—A1/3A2/3 0202)+h11 dlr()

. 1
— (hado +h5/3A1/3 -+ hys5ds g -+ h1Ay) Tsin T — ?hleo'ﬂ cos T (3.7)

For the case of the expansion of 3 in terms of integer powers of p,
the corresponding formulas are obtained by equating to zero all the co-
efficlents An/k' and hn/k' whose suhscripts are not integers, in one of
the formulas of one of the preceding cases.

The problem of the determination of the radius of convergence of the
obtained series is not considered here.

BIBLIOGRAPHY

1. Malkin, I.G., Nekotorye zadachi teorii nelineinykh kolebanii (Some
Problems of the Theory of Nonlinear Oscillations). Gostekhizdat,
1956,

2. Proskuriakov, A.P., Postroenle periodicheskikh reshenii avtonomnykh
sistem s odnoi stepen’iu svobody v sluchae proizvol’ nykh veshchest-
vennykh kornei uravneniia osnovnykh amplitud (Construction of
periodic solutions of autonomous systems with ome degree of free-
dom in the case of arbitrary real roots of the equation of funda-
mental amplitudes). PMM Vol. 22, No. 4, 1958.



1444 A.P, Proskurigkov

3. Goursat, E., Kurs matematicheskogo analiza (Course of mathematical
Analysis). Vols. I, II, III. ONTI, 1936. (Russian translation of
the French original: Cours d’Analyse Mathématique, Gauthier-
Villars, Paris, 1927.)

4. Egutin, N.P., Neiavnye funktsii (Implicit Functions). Izd-vo LGU,
1956,

Translated by H.P.T.



